Abstract. We calculate the conductance of tubular-shaped nanowires having many potential scatterers at random positions. Our approach is based on the scattering matrix formalism and our results analyzed within the scaling theory of disordered conductors. When increasing the energy the conductance for a big enough number of impurities in the tube manifests a systematic evolution from the localized to the metallic regimes. Nevertheless, a conspicuous drop in conductance is predicted whenever a new transverse channel is open. Comparison with the semiclassical calculation leading to purely ohmic behavior is made.
Introduction
Electronic transport in nanostructures is often affected by the presence of impurities. Understanding impurity induced disorder has been a major concern in the field of quantum transport for many years. A vast literature on this problem has accumulated since Anderson's discovery of the phenomenon of weak localization [1] and the proposal of the scaling theory [2] . A lengthy introduction to the field is out of the scope of this work but the reader is addressed to Refs. [3, 4, 5, 6 ] for reviews on the topic.
In this paper we address a specific nanostructure geometry, namely a two-dimensional (2D) electron gas on the surface of a tube. Our motivation to study this particular nanostructure shape is mainly due to the similarity with rolled-up semiconductor quantum wells recently fabricated [7, 8, 9, 10, 11] and studied [12, 13, 14] . Here, it is also worth mentioning the apparent resemblance with electrons in carbon nanotubes, although these latter systems are generally of smaller dimensions. We also stress that this geometry is particularly adapted to the theoretical modeling of random impurities. Indeed, by means of longitudinal translations and rotations, i.e., the tube symmetries, one can always relate the position of two impurities on the tube surface.
We have implemented the numerical modeling of the disordered nanotubes using the scattering matrix formalism. In this approach, the solution of the Schrödinger equation is obtained by treating each scatterer as a black box characterized by its transmission and reflection amplitudes. The solution to the many impurity problem is then found by adequately composing the single impurity scattering matrices. Our approach is similar to that of Cahay, McLennan and Datta for planar wires [15] . A practical difference, however, is that we do not present the problem as a matrix recursion but, instead, as a global sparse linear system.
When increasing the number of propagating transverse modes the system behavior evolves from purely one dimensional (1D) in the one-mode limit towards 2D in the infinite-mode limit. In this paper we focus on the fewmode regime, or quasi-1D limit, monitoring the evolution of the conductance for energies allowing up to five propagating modes. In all cases the disordered wire is characterized by the asymptotic exponential localization of the wave function. However, it will be shown below that depending on the energy remarkable variations of the localization properties are predicted.
The scaling theory of disordered wires implies that, given a wire length L, wire conductance is a random variableG, characterized by a certain probability distribution P L,γ (G). Randomness appears due to the infinite ways in which the number of impurities N can be arranged (each particular arrangement is usually referred as a disorder realization). Besides L, the probability distribution is also characterized by parameter γ, usually known as Lyapunov exponent [4] . The relation between the Lyapunov exponent and the mean conductance strongly depends on the wire length. In other words, the form of P L,γ (G) changes strongly with L. The precise definition of γ involves averaging a function of the random conductance over all disorder realizations in the limit of a very long wire; namely
where we have defined
In Eq. (2), G 0 ≡ 2e 2 /h represents the conductance quantum and M is the number of propagating modes in the wire. For a given L and disorder realization the system is characterized by a single value ofG and its associatedγ. Changing the disorder realization these variables acquire the statistical meaning implied above. Clearly,γ is then a random variable whose mean, in the long wire limit, gives the Lyapunov exponent.
The inverse of the Lyapunov exponent gives the localization length ℓ = γ −1 . This length is physically relevant since it specifies howG andγ are distributed for a given L. Two limiting regimes are known. a) L ≫ ℓ (localized regime):γ is normally (Gaussian) distributed with mean value γ and width σ 2 loc = 2γ/L. In this limit we then have
whereγ as well as dγ/dG can be obtained fromG using
with mean value given by
and a constant variance. Indeed, universality in the value of σ met is the reason why this limit is also dubbed the universal conductance fluctuation regime. In our case in which time reversal and spin rotation symmetries are fulfilled this value is σ met = 2 15 G 0 [3] . Notice that in Eq. (4) we have considered the possibility that the mean value γ L ≡ γ may not be fully converged yet to the Lyapunov exponent for a given L ≪ ℓ.
Purely Ohmic behavior is characterized by a strict linearity of the resistance with the wire length. Such a behavior is obtained in a semiclassical description, where any possibility of quantum interference is neglected, and the scatterers are composed incoherently. Total transmission in this case does not depend on the impurity positions [16] , but only on its number N which is fixed for a certain length L. The semiclassical conductance G sc (L) is then fully deterministic and can be written in terms of a single parameter α as
Deep in the metallic regime the mean quantum conductance also has an Ohmic behavior, as seen immediately from Eq. (5) assuming γ L = γ and expanding e γL ≈ 1 + γL. Notice, however, that this Ohmic dependence may be different from the semiclassical one since we may have α = γ, as will be shown below for particular cases. Including the next-order contribution from the exponential and assuming many propagating modes such that
If α = γ, Eq. (7) predicts G = G sc (L) − G 0 /2, but this need not be true in general.
In this paper we calculate the localization length of disordered tubes and its evolution with energy covering from one to five propagating modes. The above prediction of scaling theory in the localized and metallic regimes is shown to be fulfilled and the deviation from it in the intermediate regime is explicitly shown. Given a number of propagating modes we find a steady increase of localization length with energy. Quite remarkably, however, a large drop is obtained each time a new mode becomes propagating. As pointed by Thouless [17] the localization length is related to the density of states and, therefore, we may expect some type of discontinuity in our quasi 1D system. This variation in localization length is the cause of similar drops in the mean conductance of a disordered tube of length L. In this case, increasing the energy the tube evolves from a more localized towards a more metallic regime.
The paper is organized as follows. In Sec. 2 we present the model and our approach to the many impurity scattering problem (in appendix we also discuss the solution of the single impurity problem). Section 3 contains the results and its discussion while Sec. 4 draws the conclusions of the work.
Model
We assume the electrons move on the surface of a cylinder of radius ρ. Disorder is represented by repulsive potential barriers mimicking the effect of impurities on the tube surface. The potential is assumed of a short range (Gaussian) type {r i , i = 1, . . . , N }. All impurities are assumed to be identical, although we would not expect qualitative differences in the results presented below if some variation in V 0 and σ was considered.
Impurity distribution
Impurities are assumed to be well separated compared with the potential range σ. A sequential random distribution is then represented by the two parameters d 0 and d 1 (see a sketch in Fig. 1 ). The first impurity is arbitrarily positioned at (z 1 , θ 1 ) = (0, 0) and successive ones at
where RAN is a standard random number uniformly distributed between 0 and 1. We define d i = z i − z i−1 , the longitudinal separation between impurities i and i − 1. Obviously, on average d i = d 0 + 0.5d 1 and the total length L of the disordered tube is accurately given by
The idea behind this model is that all physical effects on electronic motion by an individual scatterer have vanished within a distance d 0 around the scatterer's position, the electron propagating then freely a distance d 1 RAN to the proximity of the next scatterer.
Scattering matrix approach
Let us consider a single impurity, the i-th one, say, and write the wave function far from it (outside the region of length d 0 , see Fig. 2a ) as
where M is the number of propagating transverse modes {φ m (θ)}. In Eq. (10) 
r , respectively. We have also defined s ℓ = 1 and s r = −1, and the mode wavenumber k m (see the appendix). As it is normally defined [18] , the scattering matrix relates output current amplitudes to input ones
where v m =hk m /m * is the velocity of mode m. Assume now the many impurity scenario of the preceding subsection. As hinted in Fig. 2b , it is clear that input and output amplitudes of successive impurities are related. Indeed,
Notice that the distance between impurities is not a constant, d i = z i − z i−1 , and that the phases in Eqs. (12) and (13) are due to the different definition of the asymptotic boundaries for each impurity. Repeatedly using Eqs. (11), (12) and (13) for the successive impurities we would obtain a linear system of equations relating input and output amplitudes of the global disordered region, i.e., between first (leftmost) and Nth (rightmost) impurities. This total transmission corresponding to, say, unit-amplitude incidence from the left in transverse mode m in to the right in mode m out is simply
The linear system yielding the output b-amplitudes reads
Equation (15) is a highly sparse linear system of 2M N equations. It can be very efficiently solved with sparse linear solvers like ME48 of the Harwell library [19] .
As mentioned in the introduction, a major simplifying property derived from the tube symmetry is the transformation relating any two impurities. In fact, defining a reference impurity at (z 0 , θ 0 ) the transmission coefficient for the i-th impurity, positioned at (z i , θ i ), reads
where λ m is the angular momentum of mode m. The phase in Eq. (16) is due to the rotation needed to link the two impurity positions. The longitudinal translation does not introduce any additional phase here because our definition of the scattering matrix implies a translation of the reference boundaries for each impurity. This type of phase does appear however in Eqs. (12) and (13). It can be easily shown that an identical phase to that in Eq. (16) is relating r ) mn , respectively. The overall result is that only the reference impurity scattering coefficients are necessary to set up the linear system Eq. (15) .
For a given disorder realization we obtain the linear conductanceG from Eqs. (15) and (14) using Landauer formula to relate conductance with transmissioñ
As well known, Eq. (17) corresponds to a two terminal measurement and it includes the contact resistance, i.e., in absence of any disorder it yields G = M G 0 . As mentioned in the introduction, the key to analyze the results of Fig. 3 is the localization length ℓ. Figure 4 displays this variable for the same parameters of Fig. 3 . We have found ℓ by disorder averaging the Lyapunov exponent in a long wire. More specifically, we have done the calculations for 10 4 impurities, for which the wire length is much larger than ℓ for all energies shown in Fig. 4 . There is a qualitative similarity between Figs. 3 and 4 . The energy dependence of the conductance for a fixed wire length can be interpreted in terms of the strong variation of the localization length with the energy. In general, as the energy increases the wire evolves from the localized towards the metallic regime until the appearance of a new mode causes a sudden drop back towards the localized case. The first plateau, with only one propagating mode, shows a qualitative difference from the others. Remarkably, the mean conductance with 1000 impurities is close to the maximal value G 0 when d 1 = 0.5ρ. For d 1 = 2.5ρ it also shows a different energy dependence with a faster energy increase than for other plateaus. This behavior can be attributed to the effective one dimensionality in this limit. Indeed, it can be shown that the model is equivalent to a Kronig-Penney lattice in which the spacing between 1D barriers is not exactly regular but has some fluctuation around the mean positions. For a fixed d 0 regularity is inversely proportional to d 1 . The more regular the distribution, the higher the conductance due to the formation of extended Bloch states. This is nicely confirmed by the localization length (Fig. 4) which shows a dramatic enhancement in the first plateau for the smaller d 1 . However, for large enough wire lengths the states are always localized, i.e., ℓ is large but remains finite.
Results
It is also worth mentioning that the localization length scales, approximately, with the mean impurity-impurity distance. As Fig. 4 shows, this is clear at the beginning of the second and third plateaus, where a linear increase of the localization length with energy is found. This linear behavior agrees with a prediction discussed by Thouless in Ref. [17] . In this reference the relation between localization length and density of states is stressed, showing that for a particular density of states, a Gaussian white noise model [21] , one finds ℓ ∼ E. The discontinuities in localization length (Fig. 4) could then indicate the existence of discontinuities in the density of states of the disordered system. Such discontinuities would not be surprising since the density of states of the clean quasi-1D system diverges as (E − ε m ) −1/2 at the beginning of each plateau, when E ≈ ε m .
In Fig. 5 we show the probability distributions of the conductanceG and Lyapunov exponentγ for a fixed energy E = 1.6h 2 /(m * ρ 2 ) and three different wire lengths, corresponding to 200, 1000 and 5000 impurities and d 1 = 2.5ρ. Comparison with the prediction of the theory of disordered conductors, Eqs. (3) and (4), shows the deviation in the intermediate regime, N = 1000, when L ≈ 1.5ℓ and the wire is neither in localized nor in metallic regime. In the limiting cases, however, either the conductance (metallic) or the Lyapunov exponent (localized) closely follows the expected behavior.
Figures 3 and 4 also show the semiclassical result in each case (continuous line). As mentioned in the Introduction, the semiclassical approach neglects interference effects by directly composing the transmission probabilities, as opposed to the phase-coherent composition of transmission amplitudes in fully quantum mechanical calculations. Notice that if all phases of Eqs. (12), (13), (15) and (16) are neglected the formalism does not depend on the impurity positions (z i , θ i ), only on its total number N . This causes Ohmic behavior, characterized by parameter α in Eq. (6) . It is also possible to relate α with the transmission probability of a single impurity T (1) . Indeed, using the composition rule of incoherent scatterers we find the total transmission T from
leading to the explicit expression
As seen in Fig. 4 , α −1 is close to the localization length or, equivalently, α is close to the Lyapunov exponent. (4), from the theory of disordered conductors using an arbitrary vertical scale. As expected, Gaussian distributions are found in the conductance of the metallic regime (a), and in the Lyapunov exponent of the localized regime (f).
However, both values do not coincide in general, making the comparison between quantum and classical conductance, Eq. (7), rather involved. Another information we can extract from the semiclassical result regards the discontinuities in localization length as a function of energy. Besides Thouless' argument on the density of states given above, we also expect similar drops in the semiclassical length α −1 from Eq. (19) . Indeed, the dependence of T
on energy is a staircase with rounded edges. This smooth energy dependence is broken by the explicit appearance of M , the number of modes, in Eq. (19) . A sharp increase in α occurs when the energy allows a new mode but T (1) has not yet increased.
Conclusions
We have studied the quantum transport properties of tubular shaped nanowires with randomly distributed impurities. For a given wire length our calculations predict a sawtooth-like behavior of the conductance as a function of energy; conspicuous drops appearing when the energy is just barely enough to allow the propagation of a new transverse mode. The analysis of our results within the scaling theory of disordered conductors explains the observed behavior as a general tendency of the wire to evolve from localized towards metallic regimes with increasing energy. Abrupt changes in the density of states occur when a new mode becomes propagating, leading the wire back towards a more localized regime. We have also calculated the localization length of the disordered wire for energies covering from one to five propagating modes. Qualitative interpretation in terms of the density of states explains the linear-with-energy dependence at the beginning of the conducting plateaus, as well as the discontinuous drops already mentioned. The semiclassical description has been also discussed and shown to provide a complementary interpretation of the discontinuous drops. In the metallic regime, the comparison between the average quantum conductance and the semiclassical one is complicated when the Lyapunov exponent and the semiclassical coefficient for Ohmic behavior do not coincide.
